Merging of granular flows is ubiquitous in industrial, mining, and geological processes. However, its behavior remains poorly understood. This paper studies the phase transition and flow-rate behavior of two granular flows merging into one channel. When the main channel is wider than the side channel, the system shows a remarkable two-sudden-drops phenomenon in the outflow rate when gradually increasing the main inflow. When gradually decreasing the main inflow, the system shows obvious hysteresis phenomenon. We study the flow-rate-drop phenomenon by measuring the area fraction and the mean velocity at the merging point. The phase diagram of the system is also presented to understand the occurrence of the phenomenon. We find that the dilute-to-dense transition occurs when the area fraction of particles at the joint point exceeds a critical value φ c = 0.65 ± 0.03.
I. INTRODUCTION
Granular materials are ubiquitous in natural, industrial, mining, and geological processes. While they are comprised of many particles, their bulk properties exhibit many nonlinear phenomena such as force chains [1] , solitons [2] , surface waves [3, 4] , resistance to penetration [5] , mixing and segregation [6, 7] , jamming and clogging [8] [9] [10] [11] , granular flow [12] [13] [14] , granular clock [15, 16] , etc. Dynamic behavior of granular flow is one of the most challenging subjects in this field [17, 18] . The granular flow can be normally classified into three states: dilute flow, dense flow, and jammed, where the grains behave like gas, liquid, and solid, respectively. Transitions among the three states have attracted intensive interests. For example, To et al. studied the jamming phenomenon of granular flow in a hopper and found the transition depends on d/d 0 , where d is exit width and d 0 is particle diameter [8] . Thomas and Durian studied the clogging phase diagram as a function of aperture size and tilting angle [9] . Chen et al. studied dilute and dense granular flows down a pipe with an electric field [12] . In dense flow state, the flow rate depends only on the exit size d and the particle diameter α by dimensional analysis [19] . Janda et al. studied the velocity and density profiles of granular flow through an aperture and derived a remarkable expression for the outflow with clear physical meanings for all terms [20, 21] . Hou et al. found the critical flow rate q c for dilute-dense transition scales as a function of
, rather than d/d 0 , where D is channel width [13] . Many nonlinear phenomena have been revealed in granular flow. For example, in dense granular flow, the particle velocity shows three classes of distributions [22] . On a bumpy inclined plane, steady granular flow can be obtained only in a narrow range of angles [23] . On an inclined plane, disorderedto-ordered flow transition is observed when changing the basal * humaobin@ustc.edu.cn † mayhou@iphy.ac.cn roughness [24] . In a channel with two successive bottlenecks, a bistable phenomenon of dilute and dense flow state is discovered when the channel width is properly adjusted [25, 26] .
In real processes of granular materials, there are often joint points where granular flows merge and interact. However, effects of merging granular flow are still poorly understood. Recently, Yang et al. found a boundary shock phase for merging system [27] . In this paper, we focus on the dilutedense transition and flow-rate features of merging granular flow. We study a merging system with two channels, each fitted with a gate to control the inflow rates. Although this is reminiscent of the on-ramp system in vehicular traffic [28] [29] [30] , the granular merging system shows remarkably new features in the phase transition and flow-rate behavior. In the traffic flow system, three distinct dynamic phases are observed on highways: the free traffic flow, the traffic jam (which is a localized region of very high density where vehicles either cannot move at all or where every vehicle comes to a brief stop), and the synchronized traffic flow (in which vehicles are in congestion but with no significant stoppage). Recent experimental investigation shows that in the majority of cases, synchronized traffic is observed localized near bottlenecks and thus bottlenecks are important for the formation of synchronized traffic. Among the various types of bottlenecks, the on-ramp is of particular interest to researchers and has been widely studied.
In our experiment of granular merging flow, when the main channel is wider than the side channel, an interesting two-sudden-drops phenomenon in the outflow rate is observed. Moreover, the system's outflow behavior shows obvious hysteresis. We adopt the method of particle tracking to find the area fraction and the mean velocity of particles to quantitatively analyze the reason for flow-rate drop. Varying the gate width from the merging channels, the system shows four states: LL, LH, HL, and HH, where L stands for dilute flow (low density), H stands for dense flow (high density), and LL, LH, HL, HH stand for the flow states of the two channels. The phase diagram of the system is also presented. Finally, we find that the dilute-dense transition occurs when the area fraction of particles at the joint point exceeds a critical value φ c = 0.65 ± 0.03.
II. EXPERIMENTAL SETUP
The experiments are carried out in a quasi-two-dimensional channel system. The channel is established with specially shaped glass spacers between a metal base and a glass cover plate. The whole system is mounted on a platform with an angle of 30
• to the horizon (see Fig. 1 ). The gap between the base and the cover plate is kept at 3.0 mm to ensure a single-layer flow of stainless steel beads with diameter d 0 = 2.5 ± 0.001 mm. The mass of a single steel bead is about 0.06 g. The channels are designed as follows. Two channels (A and B) share the same granular bead reservoir (top hopper). The channels have different widths of D A and D B , respectively. The inflow of each channel is controlled by a gate. The gate widths (D 1 for channel A, and D 2 for channel B) are adjustable to control the inflow rates. Granular flows from the two channels merge at point M. The final channel (below M) has the width of D A . Because channel A is straight while channel B has a turning, we call channel A the main channel, and call channel B the side channel. In the following discussion, the main channel has width D A = 40 mm and the side channel has width D B = 30 mm unless stated otherwise. Note that the width of the side channel at the turning point is enlarged to 40 mm, so that the top channel gate is the only bottleneck along the side channel. This is to avoid the two bottleneck interactions in the side channel [25] .
Before each run of experiment, the gate widths are set to some values. In most of the experiments, the reservoir and the channels are initially empty (without particles), unless otherwise mentioned. This is equivalent to the case of dilute-to-dense transition when gradually opening the gate. Then, the steel beads are poured into the top reservoir and granular flows are initiated instantaneously by gravity in both channels. At the final exit, the total mass of the beads falling out of the system is measured by an electronic balance with the sensitivity of 0.1 g and the weighing period of 0.2 s. Then, the outflow rate J (t) is obtained by calculating the slope of the recorded mass data. The outflow rate data in the figures are typically averaged over 10 granular flow experiments. A high speed camera (480fps) is adopted to capture the flowing state at the merging point M. The area fraction of particles and the average velocity of particles are estimated based on the captured videos by a particle tracking software. The box for determining the area fraction and the line for determining the velocity are depicted in Fig. 1(c) . This is similar to that described in Janda et al.'s previous work [20] .
When the particle density is very low, we find that the typical velocities of particles at point M are V A ≈ 1.5 ± 0.2 m/s for channel A, and V B ≈ 1.0 ± 0.2 m/s for channel B. Because channel B has a turning, particles in it will collide more frequently with the sidewalls. As a result, the mean velocity of particles in channel B is relatively lower. At point M where two granular flows merge, the mean velocity is greatly reduced because of collisions. This behavior strongly affects the flow rate of the system, which will be discussed in detail.
III. EXPERIMENT RESULTS
The phase transition and the flow-rate behavior are the most intriguing phenomena in a granular merging system. By varying the gate widths of the channels (D 1 and D 2 ), the granular flow in the channels can be dilute flow (low density) or dense flow (high density). For simplicity, we denote dilute flow as L, and dense flow as H. Here, we use area fraction of particles in the channel to determine the dilute flow state and the dense flow state. For the dilute flow state, the area fraction in the channel is below φ c = 0.65. For the dense flow state, the area fraction is above φ c . Here, φ c = 0.65 is the critical area fraction of dilute-to-dense transition. The reason for φ c will be explained later. The flow state can be also determined by the variation of its final inflow rate F ∞ with respect to its initial inflow rate F 0 at the beginning of experiment, similar to the common practice in vehicular traffic congestion studies [29, 30] . If the final inflow rate is the same as the initial inflow rate, i.e., F ∞ = F 0 , the flow is dilute. If the final inflow rate is lower than the initial inflow rate, i.e., F ∞ < F 0 , the flow is dense. The results are the same with the area fraction criterion and with the flow-rate criterion. Figure 2 shows the four typical granular flow states. LL: both channels are dilute. LH: channel A is dilute while channel B is dense. HL: channel A is dense while channel B is dilute. HH: both channels are dense.
We first measure the variation of inflow rates with gate width D 1 or D 2 for the channels, respectively, as shown in Fig. 3 . When measuring the inflow rate of the main channel, the side channel gate is completely closed, and vice versa. Because the granular flow is always dense above the gates, the inflow rate will only depend on the gate width [19] [20] [21] . One can see that the inflow rates increase with gate width and can be fitted by Beverloo et al.'s empirical equation [19] 
or by Janda et al.'s new expression [20] where D is the gate width (
Beverloo's equation [19] , C 2 is equivalent to C √ gφ ∞ in Janda's original expression [20] , n = 1 (n = 2) for the two-dimensional (3D) case. Here, we have n = 1. The fitting results are C 1 = 1.0 g/s, k = 4, F 0 = 19.0 g/s, and C 2 = 1.3 g/s. We note that the Beverloo's fit needs an additional flow of F 0 . The term of F 0 is necessary because the initial flow rate at D = 4d 0 is not zero. At D = 4d 0 , the granular flow has a high probability to clog. If clogged, the flow rate is zero. If the flow is not clogged, the flow rate is F 0 = 19.0 g/s. Therefore, Janda's equation fits better than the Beverloo one.
Then, we study the outflow rate with a fixed D 2 = 30 mm and varying D 1 , that is, the side gate is completely opened while the main gate is gradually opened. Figure 4 shows the variation of outflow rate with D 1 . When D 1 27 mm, the granular flows in both channels are dilute. One can see that the outflow rate increases with D 1 and can be fitted with
where F A is the inflow rate from the main channel and is estimated by Eqs. (1) and (2), F B is the inflow rate from the side channel (here F B = F Bmax ≈ 109.0 g/s). Interestingly, when D 1 > 27 mm, there are two sudden drops in the outflow rate. The two drops correspond to the dilute-to-dense transition in the side channel (LL to LH) at D 11 = 27 mm, and then the dilute-to-dense transition in the main channel (LH to HH) at D 12 = 35 mm. In Fig. 4 , we use four points (A, B, C and D) to mark the critical points of transition: (A) the last LL state; (B) the LL-LH transition point; (C) the last LH state; (D) the LH-HH transition point. In the following, we will show the detail observations at the four points.
(A) D 1 = 27 mm, the last LL state. In the LL state, although both channels are dilute, the granular flow from the side channel (the side flow) collides with the granular flow in the main channel (the main flow) and increases the granular density at the merging point M. As a result, the side flow acts like a "soft obstacle" for the main flow. Increasing the inflow, the size of the soft obstacle will increase and finally block the whole merging area, and the dilute-dense transition will occur. At D 1 = 27 mm, the area fraction of particles at the joint point M reaches a critical value near φ c = 0.65 ± 0.03. This critical density is in agreement with the literature (Hou et al. [13] ). If the area fraction exceeds φ c , the dilute-to-dense transition will occur. The outflow rate can be estimated by the following equation:
where ρ is granular density, S 0 ≈ 4.9 × 10 (B) D 1 = 28 mm, the LL-LH transition point. The diluteto-dense transition process is described as follows. In the first moment of flowing, both channels are dilute. The mean area fraction at the merging point M will increase rapidly and slightly exceed the critical value of 0.65. But, the flow with high density and high velocity can only sustain for a very short moment. Then, the dilute-to-dense transition happens at point M. The area fraction at point M drops to around 0.58 ± 0.03. Meanwhile, the mean velocity also decreases to about 0.59 m/s. After the transition, the dense flow front will propagate upward to the side channel because the granular density in side channel is higher than the main channel. The main channel remains dilute. By Eq. (4), we get the flow rate F ≈ 168 g/s, in agreement with measurement.
After the side flow becomes dense, we can also measure the area fraction and the mean velocity of the dense granular flow at the upper straight section of channel B. We find that the area fraction in the side channel is φ ≈ 0.75 ± 0.03, while the mean velocity is 0.27 ± 0.05 m/s (note that both values are measured at the upper straight section of the side channel, different from point M). One can get F B ≈ 74 g/s by using Eq. (4) with D B = 30 mm. On the other hand, because the main channel is dilute, we can get F A ≈ 95 g/s by Eqs. (1) or (2) with D 1 = 28 mm. The total outflow is the sum of F A and F B , that is, 169 g/s. This is close to the experiment result. In the experiment, we find that the area fraction of dense granular flow at the upper straight section of the channel is φ ≈ 0.75 ± 0.03. This value is higher than the area fraction at the merging point M, but it is below the critical area fraction of two-dimensional (2D) jamming transition (φ ≈ 0.84). In the upper straight part of the densely flowing channel, the particles automatically form many vertical chains moving downward in parallel, while the triangular and honeycomb-alike structures are rarely observed. One can estimate that the area fraction for the chainlike packing structure should be φ d ≈ πR 2 /4R 2 ≈ 0.78. This is close to our observation.
(C) D 1 = 35 mm, the last LH state. In the LH state, the right part of the merging area is dense, while the left part remains dilute (see Fig. 2 ). The side flow acts like a "soft obstacle" for the main flow. However, the overall area fraction is below φ c ≈ 0.65 at the merging area M. Increasing the main flow, the size of the soft obstacle will increase and block the whole merging area, until it triggers the dilute-dense transition again. At point C, we find that the area fraction is near φ ≈ 0.63 and the mean velocity is V = 0.62 ± 0.1 m/s. Similarly, the maximal flow rate is F c ≈ 191 g/s by Eq. (4), which agrees with the measured result. One can see that the outflow rates are equal for points A and C. At the two points, the average area fraction and the mean velocity are similar at the merging point. Therefore, at both points, the system has reached the same maximal outflow rate.
(D) D 1 = 36 mm, the LH-HH transition point. At the beginning of flowing, because both channels are dilute, the area fraction at point M will rapidly increase and exceed 0.65. Then, the area fraction will drop because the dilute-to-dense transition happens. Under the condition, the dense flow front will propagate to both channels and produce a HH state. After the HH state is reached, we find that the mean area fraction is 0.58 ± 0.03 and the mean velocity is 0.59 ± 0.1 m/s at merging point M. With D = 40 mm, we get F ≈ 168 g/s by Eq. (4). This agrees with the experiment result. One can see that the outflow rates are equal for points B and D because the system has reached its dense flow rate of the merging flow bottleneck.
When D 1 36 mm, one might think the outflow rate can be estimated by Eqs. (1) or (2) because the flows are dense and the outflow is controlled by the exit width at point M. We get F = 183 g/s with width D A = 40 mm by Eq. (1). This is higher than experiment (168.0 g/s). This discrepancy is because of the influence of side channel on main channel. In the HH states (see Fig. 2 ), there is a vacant area at the lower right of merging area. It is formed due to the intervention of the side flow. The vacant area decreases the efficient exit width and leads to a lower outflow rate.
When D 11 < D 1 < D 12 , the outflow rate increases monotonically with D 1 . One might think that the inflow rate from side channel F B keeps constant, while F A increases. This postulation will come to a prediction of outflow rate with the following form (as shown in Fig. 4 with the pink dotted line):
However, the experiment results deviate from this prediction. The flow rates show a different scaling behavior with exponent 1.3 (as shown in Fig. 4 with the red solid line):
Compared with Eq. (5), this outflow rate is relatively smaller. This implies that when D 11 < D 1 < D 12 , the inflow rate from side channel actually decreases with D 1 . This is because the main channel flow hinders the side channel flow. The larger the main channel inflow, the greater the side channel flow is hindered. Therefore, the inflow rate from side channel decreases with D 1 .
In Fig. 5 , we show the evolutions of the area fraction φ and the mean velocity V with main channel gate width D 1 . Note that both values are measured at the merging point M after the flows reach a steady state. That is, the first 10 s of the flowing are not considered. For the LL state, φ increases with D 1 while V decreases with D 1 . For the LH state, both φ and V increase with D 1 . For the HH state, both φ and V are almost constant.
Then, we study the hysteresis behavior of the system. Figures 4 and 5 show the result with initially empty channels. This is equivalent to the case of gradually increasing gate width D 1 . Figure 6 shows the variation of outflow rate with D 1 when the channels are initially full of particles. This is equivalent to the case of gradually decreasing gate width D 1 . One can see that the system shows HH, LH, and LL states. But, the transition points are lower than those in Fig. 4 . For the LL and HH states, the flow rate is the same as in Fig. 4 . In the LH state, the flow rate decreases monotonically with D 1 . Moreover, there are no flow-rate jumps for the HH-LH and LH-HH transitions. Obviously, the system shows hysteresis in the path of increasing and then decreasing D 1 . For the cases in Fig. 6 , we find that the mean area fraction at the merging point M never increases to above 0.62 throughout the process, while the mean velocity decreases monotonically with decreasing D 1 . As a result, the outflow decreases monotonically with D 1 .
To better understand the merging behavior, we present the phase diagrams of the merging flow system in Fig. 7 . Figure 7(a) shows the system's phase diagram with initially empty channels. One can see that the phase diagram consists of four regions: LL, LH, HL, and HH. When the inflow rates from both channels are small, the system is in the LL state. When the inflow rates increase, either of the two channels can transit to dense flow. When the inflow rates are high enough, the system enters the HH state, so that both channels are dense. From Fig. 7(a) , one can see that the two-sudden-drops phenomenon will appear when the system undergoes LL-LH and LH-HH transitions. In experiment, we can observe the twosudden-drops phenomenon with D 2 20 mm. If we decrease the gate width of D 2 to below 20 mm, the two-sudden-drops phenomenon will vanish. of the system when the channels are initially full of particles. That is, in each experiment, the channels and the reservoir are all filled with the particles and then the granular flows are initiated by gravity. From Fig. 7(b) , we can see that the HH, HL, and LH states occupied bigger areas than in Fig. 7(a) . The phase diagram of Fig. 7(a) represents the dilute-to-dense transition, while here Fig. 7(b) represents dense-to-dilute transition. The difference between the two phase diagrams is consistent with the hysteresis behavior of Figs. 4 and 6 . Now, we show the outflow rate with a fixed D 1 = 40 mm and a increasing D 2 , that is, the main channel is completely opened and then the side channel is opened gradually. Figure 8 shows the variation of outflow rate with initially empty channels. From the phase diagram of Fig. 7(a) , there are two phase transitions (LL-HL, and HL-HH) when increasing D 2 . However, there is only one sudden drop in the outflow rate at D 21 = 15 mm, corresponding to the LL-HL transition. When the system is in the HL state, there is no obvious increment of outflow rate, and the two-sudden-drops phenomenon does not appear under these conditions. This is different from the LH state. The phenomenon can be explained by the different flow patterns of LH and HL states. As shown in Fig. 9 , for the LH state, the left part of the merging area remains dilute because the dense flow from the side channel can not affect the whole merging area. Therefore, the flow rate in the main channel can increase with D 1 , leading to an increasing outflow rate. However, in the HL state, the whole merging region is dense, as also shown in Fig. 2 . Although the inflow rate from the side channel increases with D 2 , the inflow rate from the main channel will decrease simultaneously. In this case, the system has reached its dense flow rate. As a result, there is no outflow rate drop for the HL-HH transition, and the two-sudden-drops phenomenon will not appear.
Moreover, in Fig. 8 , the maximal outflow rate can reach F c ≈ 220 g/s at D 21 = 15 mm. This is higher than the maximal outflow rate of F c ≈ 192 g/s in Fig. 4 . The difference in maximal outflow rate can be explained as follows. As Eq. (4), the maximal flow rate depends on the product of the critical area fraction, the mean velocity, and the channel width. We find that the critical fraction keeps at φ c ≈ 0.65. But, the mean velocity at the merging point M has a higher value of V ≈ 0.7 ± 0.1 m/s. This is because the particle velocity is now dominated by the main channel inflow, which has a higher incoming velocity. Thus, the maximal flow rate is now higher. By Eq. (4), we get F c ≈ 222 g/s, which is close to the measured value. Here, one can draw a clue to optimize the flow rate of the system. When two channels merge, it is better to completely open the channel with higher incoming velocity and then gradually open another channel. With the fixed channel widths, if the channel with higher incoming velocity is completely opened and then the other channel is opened gradually, the maximal outflow rate will be higher. In our case, the side channel has a lower incoming velocity because it is with a turning. So, the side channel should be opened gradually after the main channel is completely opened.
Finally, we briefly report the experiment results with smaller main channel width of D A . We find that the twosudden-drops phenomenon shows only when the main channel is wider than the side channel. When D A < D B , the dense flow from the side channel will block the whole merging area for the LH state. Therefore, the outflow rate will not increase with D 1 in the LH state. Thus, the two-sudden-drops phenomenon will disappear. In Janda et al.'s recent work, they found that the density profile showed substantial decrement when the exit size decreased [20] . As we measure the area fraction at the cross section of the merging point, a similar phenomenon appears. We find that the critical area fraction decreases slightly from φ c = 0.65 ± 0.03 to 0.63 ± 0.03 when the exit width decreases from D A = 40 to 20 mm. This phenomenon is in qualitative agreement with the result of Janda et al. We have also done experiments when the angle of two channels is 45
• and/or 60
• . The phase diagrams are also composed of LL, LH, HL, and HH states.
IV. CONCLUSION
In summary, the phase transition and the flow-rate behavior of a merging granular flow system are studied. Although the system shows four flowing states (LL, LH, HL, and HH) similar to the vehicular on-ramp system, some remarkable features are discovered. When gradually opening the main gate, a two-sudden-drops phenomenon in the outflow rate is observed when the main channel is wider than the side channel. The two-sudden-drops phenomenon emerges when the system undergoes a LL-LH transition followed by a LH-HH transition. On the other hand, when the system undergoes LL-HL and HL-HH transitions, there is no twosudden-drops phenomenon. The system also shows obvious hysteresis when we gradually close the channel gate. To explain the flow-rate-drop phenomenon, we measure the area fraction and the mean velocity at the merging point M. We find a critical area fraction φ c = 0.65 ± 0.03 for the occurrence of dilute-to-dense transition. At the dilute-to-dense transition, the area fraction first increases to φ c and then decreases to a lower value. The mean velocity also drops. Therefore, the outflow rate shows a sudden drop.
In this study, the interactions among grains are collision and friction. A similar study to characterize the flow in systems of soft grains, or in which a more viscous interstitial fluid is introduced, would be valuable. The studies can be useful for the efficient transport and processing of granular materials in industry, chemistry, and agriculture. The results may also shed some light on the understanding of molecular motors, colloids, emulsion flow, vehicular traffic flow, and pedestrian flow.
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